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Abstract. In the context of extended Teleparallel gravity theories with a 3+1
dimensions Gauss-Bonnet analog term, we address the possibility of these theories
reproducing several well-known cosmological solutions. In particular when applied to
a Friedmann-Lemaître-Robertson-Walker geometry in four-dimensional spacetime with
standard fluids exclusively. We study different types of gravitational Lagrangians and
reconstruct solutions provided by analytical expressions for either the cosmological
scale factor or the Hubble parameter. We also show that it is possible to find
Lagrangians of this type without a cosmological constant such that the behaviour
of the ΛCDM model is precisely mimicked. The new Lagrangians may also lead to
other phenomenological consequences opening up the possibility for new theories to
compete directly with other extensions of General Relativity.
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1 Introduction
Teleparallel gravity is a gauge theory of the translation group, constructed by associating
a Minkowskian tangent space to every point of the spacetime through the mathematical
objects called vierbeins (also dubbed tetrads fields). The connection is assumed to
be the so-called Weitzenböck connection instead of the usual Levi-Civita connection.
This choice leads to the absolute parallelism condition, meaning that the vierbeins
are parallelly transported, a fact that explains the name of the theory (c.f. [1] for
a comprehensive review as well as [3] for further insight). Unlike the Levi-Civita
connection, the Weitzenböck connection is not commutative under the exchange of the
lower indices, which not only induces a non-zero torsion, but also a zero Ricci scalar.
Thus a non-vanishing torsion T emerges in a natural way at the level of the action.
Originally proposed as an attempt at unifying gravitation and electromagnetism by
Einstein, the Teleparallel Lagrangian is linear in T and turns out to be an alternative
description of General Relativity (GR), such that every solution of GR is also a solution
for the so-called Teleparallel Equivalent of General Relativity (TEGR).
In analogy of higher-order theories of gravity, such as fourth-order f(R) theories [4]–
[28], TEGR has been extended by constructing gravitational Lagrangians in terms of
more complex functions of the torsion scalar in order to determine its relevance in cos-
mological contexts. Such extensions have been referred to as f(T ) theories (for a review
see [29]) and were introduced for the first time in the literature as an alternative to the
inflaton [30], but were rapidly proposed also as a dark energy candidate [31], and its
cosmological properties extensively studied [32]–[52]. However, when introducing extra
terms in the action, the aforementioned equivalence between GR and TEGR now does
not remain between f(T ) and f(R) theories. For instance, the f(T ) gravitational field
equations are second order whereas extensions of GR, such as f(R) theories, usually host
higher-order field equations. The equivalence between GR and TEGR at the level of field
equations is retained due to boundary term difference between R and T not contribut-
ing to the latter. However, extending the theories to arbitrary functions of curvature
or torsion generates differences in the field equations dependent on this boundary term
difference, deviating from the equivalence between the corresponding theories [2]. This
results in interesting differences, such as the absence of extra gravitational-wave modes
when compared to GR [53].
As a main drawback, it is widely known that extensions of TEGR, such as f(T )
gravity are not invariant under local Lorentz transformations within the context of ab-
solute parallelism [54]. Thus, the field equations will be sensitive to the choice of tetrads
[55]. The key-point lies in performing a correct parallelisation of spacetime, in order to
obtain solutions of the field equations capable of, for instance, recovering the desired
metric, such as Friedmann-Lemaître-Robertson-Walker (FLRW) geometries [56], the
vacuum static and spherically symmetric (Schwarzschild) solution [57]–[62], or testing
the validity of Birkhoff’s theorem [57, 63, 64]. However, this parallelisation procedure is
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not usually sufficient to keep the same predictions as GR, for instance junction conditions
become stricter and depend upon both the f(T ) model and the choice of the tetrads, but
the theory can contain the usual results of TEGR, as the Oppenheimer-Snyder collapse
scenario by the appropriate choice of tetrads [65]. More recently, a general set of accept-
able junction conditions for f(T ) gravity via the variational principle was obtained in
[66]. Moreover, in analogy to metric theories, conformal invariants Lagrangians can be
also constructed in the framework of Teleparallel gravities [67]. Also the very existence
of black-hole configurations in other theories with torsion has been subject of study [68].
By relaxing this condition of absolute parallelism, the covariant form of f(T ) grav-
ity can be obtained [93, 94]. Taking this approach, tetrads will have an associated
quantity (known as the spin-connection) which accounts for any deficit in producing the
field equations. In this work, we do observe the absolute parallelism condition.
Cosmological solutions in f(T ) Teleparallel theories have also been given extensive
coverage in the literature [31, 69, 70]. Analogously to the subtleties about the correct
choice of tetrads in static scenarios, the use of diagonal tetrads in spherical coordinates
in f(T ) theories, constrains the gravitational Lagrangian, since fTT = 0 is a necessary
condition to fulfill the field equations. In other words, the f(T ) Teleparallel gravity
would reduce to GR. Nonetheless, rotation of these tetrads shows that the gravitational
Lagrangian appears to be unconstrained and consequently, general classes of these mod-
els are a priori permitted [55]. In addition, observational tests on f(T ) gravities states
its suitability for being considered a serious competitor to other more standard cos-
mological models. Other extensions of Teleparallel gravity as couplings between the
energy-momentum tensor and the torsion at the level of the action show the same con-
sistent cosmological behaviour when tested with observational data [71].
In addition, model-independent techniques such as cosmography [72], have become
essential to guarantee that the statistical outcomes do not depend upon the choice of
the model. In fact, few references have been addressing the competitiveness of cos-
mographic techniques as suitable for reconstructing theoretical models beyond GR [73].
For teleparallel gravity theories, authors in [74] used cosmographic techniques to extract
some constraints on the redshift transition determining the onset of cosmic acceleration
on claimed viable f(T ) forms and performed a Monte Carlo fitting using supernovae
data. More recently in [75] (see further details therein), a more general Monte Carlo
analysis with a Metropolis-Hastings algorithm with a Gelman-Rubin convergence cri-
terion was performed by using Union 2.1 supernovae catalogue, baryonic acoustic os-
cillation data and H(z) differential age compilations. In the aforementioned reference,
the cosmographic study showed that all f(T ) model parameters were compatible with
zero at about 1–σ level in the all–z analysis. Still, the 95% confidence levels allow for
quite a large parameter range, particularly for higher derivatives of the f(T ) Lagrangian.
Cosmological reconstructed solutions... 4
With the same aim, another type of extension of Teleparallel gravity has been re-
cently proposed, where the analog TG to the Gauss-Bonnet invariant G is constructed in
terms of the torsion tensor [76]. In what follows, we shall refer to this as the TEGB term.
The resulted object just differs in a total derivative with respect to the Gauss-Bonnet
invariant, similarly as the torsion tensor with respect to the Ricci scalar curvature, such
that both objects are equivalent at the linear level in the action, where in 4-dimensions
they become a total derivative. Notwithstanding, extensions beyond the linear order
imply modifications in the field equations, which may provide new insights at the cos-
mological level, such that when considering a more general action f(T, TG) both theories
become different as in the case of f(R) and f(T ), and also different from other exten-
sions of Teleparallel gravity as f(T ) gravity. The resulting action is a new theory with
new properties that may also reproduce suitable cosmic expansion histories. In this
sense, some Lagrangians of this type have been studied aiming to unify the inflationary
epoch with the dark energy era by quintessence or phantom-like fluids [77, 78]. Also
the phase space of such Lagrangians have been analysed leading to a wide range of
possibilities [79]. The Noether Symmetry Approach has been also applied to f(T, TG)
gravities which helps to fix the form of the action [80].
In this paper, we shall thoroughly analyse f(T, TG) gravities in the framework of
spatially flat FLRW cosmologies. We shall consider well-known cosmological solutions
whose form is given by either the cosmological scale factor or the Hubble parameter.
Essentially, we shall study power-law solutions whose correspondence in f(R) fourth-
order gravity theories is well-known [81] as well as in f(R,G) Gauss-Bonnet gravities
[82, 83]. Moreover, a ΛCDM cosmological evolution is also considered with the aim of
being reconstructed by this kind of f(T, TG) Lagrangians without a cosmological con-
stant term. Analogous Lagrangians were obtained for f(R) gravity [84] and f(R,G)
gravity [85]. Thus, in the following sections we shall address the degeneracy problem
of these theories when compared to the Einsteinian relativity in a cosmological homo-
geneous and isotropic spacetime. These mimicked features may be considered as either
an advantage or as an inconvenience. Anyhow, cosmological models within a class of
gravitational theories capable of recovering the ΛCDM Concordance Model expansion
history in different cosmological eras would indeed deserve further scrutiny.
The paper is organised as follows: in Section 2 we shall present the general features
of the f(T, TG) gravity theories by writing the basic equations which will be thoroughly
studied in the following sections and we shall briefly discuss the tetrad choice subtleties.
In Section 3 we shall discuss the reconstruction of well-known cosmological scale factor
solution for several paradigmatic classes - both additive and multiplicative form - of
these theories. Then Section 4 addresses the same issue when the desired quantity to
reconstruct is the Hubble parameter by including de Sitter scenario. Finally, Section 5 is
devoted to study the possibility of reconstruction for the ΛCDM (dust and cosmological
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constant) solution as provided in GR. We shall prove that suitable f(T, TG) Lagrangians
with no cosmological constant can be found, being such Lagrangians capable of hosting
both Minkowski and Schwarzschild as vacuum solutions. We conclude the paper by
giving our conclusions in Section 6. Two appendices, Appendix A and Appendix B, are
included at the end of the communication to provide explicitly the limiting cases on the
torsion scalar when the reconstructed Lagrangians involve transcendental hypergeomet-
ric functions.
Throughout the paper we shall follow the following conventions: the Weitzenböck
connection as defined in the following Section will be denoted by Γ˜αµν . Dµ shall represent
the covariant derivative with respect to the Levi-Civita connection Γαµν . Greek indices
such as µ, ν... shall refer to spacetime indices whereas latin letters a, b, c... refer to the
tetrads indices associated to the tangent space.
2 f(T, TG) theories
TEGR theories (c.f. [1] for the rudiments of theories with torsion) and its extensions
are constructed starting by defining the objects known as vierbeins ea(x
µ), such that
dxµ = e µa ω
a , ωa = eaµdx
µ , (1)
which relate the tangent space at every point xµ to the spacetime of a manifold described
by the metric:
ds2 = gµνdx
µdxν = ηabω
aωb , (2)
where ηab = diag(−1, 1, 1, 1) holds for the Minkowskian metric. In addition, the tetrads
accomplish the following properties:
e µa e
a
ν = δ
µ
ν , e
µ
a e
b
µ = δ
b
a . (3)
As in any gravitational theory, a connection provides the way of defining the covariant
derivatives. In the case of Teleparallel gravity, the connection is constructed based on
the translation group, which parallelly transports the tetrads, the so-called absolute
parallelism condition, and is given by the Weitzenböck connection,
Γ˜αµν = e
α
a ∂νe
a
µ = −eaµ∂νe αa , (4)
Unlike the Levi-Civita connection, the Weitzenböck connection is not symmetric leading
to a non-vanishing torsion tensor,
T αµν = Γ˜
α
µν − Γ˜ανµ = e αa
(
∂νe
a
µ − ∂µeaν
)
. (5)
Whereas, the Riemann tensor for such a connection becomes null Rµλνρ
(
Γ˜
)
= 0 . As well
known, every connection can be expressed in terms of the Levi-Civita connection and
its antisymmetric part, so the difference between the Weitzenböck and the Levi-Civita
connection gives rise to the so-called contorsion tensor,
Kαµν = Γ˜
α
µν − Γαµν =
1
2
(
T αµ ν + T
α
ν µ − T αµν
)
, (6)
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whereas we can also define the superpotential:
S µνα =
1
2
(
Kµνα + δ
µ
αT
βν
β − δναT βµβ
)
, (7)
whose contraction with the torsion tensor (5) leads to the torsion scalar,
T = T αµνS
µν
α =
1
4
T λµνT
µν
λ +
1
2
T λµνT
νµ
λ − T ρµρT νµν . (8)
By the use of the contorsion tensor, one can easily achieve the relation among the Ricci
scalar and the torsion scalar:
R = −T − 2DµT νµν . (9)
Thus the gravitational action for TEGR is solely given by the torsion scalar (8),
SG = − 1
2κ2
∫
e T d4x , (10)
where κ2 = 8πG and e = det
(
eaµ
)
. It is straightforward to check that the above action
is completely equivalent to the standard Einstein-Hilbert GR one at the level of field
equations and up to a boundary term difference in the action. Nevertheless, any exten-
sion that includes a non-linear function of the torsion scalar will not be equivalent to
its analog in curvature gravity, as the total derivative in Eq. (9) can not be dropped out.
Similarly to the expression (9), one can find the equivalent to the Gauss-Bonnet
term in Weitzenböck geometry by using the above expressions. Indeed, the Gauss-
Bonnet invariant is given by:
G = RµνλσR
µνλσ − 4RµνRµν +R2 . (11)
Hence, the torsion analog is related to the Gauss-Bonnet by [76]:
G = TG +BG, (12)
where the second term is a total derivative‡ while TG is defined in terms of the contorsion
tensor as follows:
TG =
(
KαγβK
γλ
ρK
µ
ǫσK
ǫν
ϕ − 2KαλβKµγρKγǫσKǫνϕ
+ 2KαλβK
µ
γρK
γν
ǫK
ǫ
σϕ + 2K
αλ
βK
µ
γρK
γν
σ,ϕ
)
δβρσϕαλµν . (13)
As in the case of the TEGR Lagrangian (10), any action linear in TG, by grace of (12),
would be equivalent to a linear action containing the Gauss-Bonnet term and the total
derivative BG. However, any function with a non-linear dependence in either G or TG,
would break the equivalence. This is precisely the class of theories to be studied in this
paper, those whose total action (including the matter sector Sm) can be expressed as
follows:
S = SG + Sm =
∫
e
(
f(T, TG) + 2κ
2Lm
)
d4x . (14)
‡ The explicit form of this boundary term is given in [78] in Eq. (24).
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As can be found for instance in [76] the variation of the above action with respect to
the metric tensor in the case of a spatially flat FLRW background renders the following
two independent equations
f − 12H2fT − TGfTG + 24H3f˙TG = 2κ2ρm , (15)
f − 4
(
3H2 + H˙
)
fT − 4Hf˙T − TGfTG +
2
3H
TGf˙TG + 8H
2f¨TG = −2κ2pm ,
(16)
in the presence of a perfect fluid§ of density ρm and pressure pm, with H ≡ a˙/a being
a the cosmological scale factor, dot denotes derivative with respect to the cosmic time
t and subindices T and TG stand for derivatives of f with respect to the corresponding
argument. For FLRW geometries, one can show that T and TG can be expressed in
terms of the Hubble parameter and its first time derivative as follows
T = 6H2 ; TG = 24H
2(H˙ +H2) . (17)
In the case of a flat FLRW metric, TG coincides with its GR counterpart, G. The
Lagrangian f(T, TG) for this spacetime is equivalent at the level of equations to the
Lagrangian of the form f(T,G). Thus solving the above field equation‖ (15) for
general functions f proves to be sufficiently cumbersome; however, solutions can be
extracted when classes of models for f with a given dependence in both T and TG
are considered. Thus, in the next sections such classes of gravitational Lagrangians
f(T, TG) would be reconstructed by assuming some paradigmatic cosmological solutions
for either the cosmological scale factor or the Hubble parameter. In addition, we require
our Lagrangian to be able to recover cosmological vacuum solutions, i.e., we require that
under the non existence of neither matter nor pressure, both T and TG would be null.
By taking a look to the trace equation as derived from the usual combination of Eqs.
(15) and (16), one obtains that the sufficient condition turns out to be f(0, 0) = 0.
3 Reconstruction through the scale factor
In this section, we investigate the possibility of obtaining suitable gravitational La-
grangians f(T, TG) capable of reproducing the cosmological evolution as provided by
the cosmological scale factor. Due to its interest, we shall consider a power-law scale
factor expressed in terms of the cosmic time t. In other words, we assume that a(t) ∝ tα
where α 6= 0 is some constant (α = 0 corresponds to a static universe which is not
of interest here). This type of reconstruction has been studied in a number of other
extensions of GR such as Refs.[75, 86, 95, 96], among others. Moreover, the power law
§ The standard energy-momentum tensor definition T νµ = e
ν
a
e
δLm
δe
µ
a
has been used with T 00 = ρm and
T ii = −pm (i = 1, 2, 3). Note that this fluid is covariantly conserved as the left-hand side (l.h.s.) of the
f(T, TG) field equations can be shown to be indeed covariantly conserved [76].
‖ It is precisely the fact that the field equations are covariantly conserved which allows us to
solely consider Eq. (15) together with the energy-momentum conservation in order to perform our
reconstruction techniques.
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scale factor has shown promise for explaining the late time evolution of the universe
[97, 98, 99].
For this kind of cosmic evolution, H , T and TG take the following forms,
H =
α
t
, T = 6
α2
t2
, TG = 24
α3
t4
(α− 1) = 2
3
(
1− 1
α
)
T 2. (18)
Here, TG can be either positive, zero or negative depending on the value of α, which can
be characterised as follows:
• TG = 0 when α ∈ {0, 1}. However, the α = 0 case is neglected. The case
α = 1 is important since it enables us to find the TEGB terms able to explain
the transitioning point towards an accelerated expansion. Indeed, the deceleration
parameter q ≡ −aa¨/a˙2 is given by
q = −1 + 1
α
, (19)
for power-law scale factors. For α = 1, q = 0, thus representing this transitioning
point.
• TG > 0 when α < 0 or α > 1.
• TG < 0 when 0 < α < 1.
These relations above will prove to be useful when examining the some cosmological
solutions below. Throughout this section, perfect fluids with a constant equation of
state w ≡ pm/ρm are considered. Then, the Friedmann equation (15) becomes
f − 2TfT − TGfTG −
8αT 2
t2
fTTG −
(
48α3
t4
)2
(α− 1)fTGTG = T0Ωw,0a−3(1+w) . (20)
Here Ωw,0 ≡ 2κ2ρm,0/3H20 , T0 ≡ 6H20 and H0 = H(t0), where t0 represents the cosmic
time today. We will follow this notation along the paper. Let us now consider several
paradigmatic functional forms of f(T, TG) in order to determine which gravitational
Lagrangians are able to reproduce power-law scale factors.
3.1 f(T, TG) = g(T ) + h(TG)
Whenever the Lagrangian can be expressed as a sum of two functions g and h, each
being dependent on T and TG respectively, the Friedmann equation (15) reduces to
g + h− 2TgT − TGhTG + 24H3hTGTG T˙G = T0Ωw,0a−3(1+w). (21)
The scale factor on the right-hand side (r.h.s.) can be represented either in terms of
T or TG only¶. Although the choice of representation is arbitrary, in TEGR the fluid
is usually described by the torsion scalar T so we have decided, without any loss of
¶ The cosmic time is expressed in terms of T or TG since the relation (18) is invertible.
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generality, that the scale factor be represented by T . Equivalently, the same particular
solution can be obtained if the dynamical variable of the system is taken as, TG, instead
of, T . This can be achieved by the relationship shown in Eq.(18) where the direct relation
between these two quantities is explicitly presented. The difference between these two
approaches takes hold when other epochs, or other evolution ansatz, are assumed.
In this way, the Eq. (21) can be expressed in terms of a single variable on each side
of the equation, i.e., X(T ) = Y (TG) for some functions X and Y . Since herein both T
and TG are treated as independent variables, the equality would only be valid provided
that X(T ) = K = Y (TG), where K is a constant. However, the particular solutions for
g and h would lead just to a constant contribution gpart.(T ) = −hpart.(TG) = K, which
cancel each other in the action. Hence, we explore the solutions of the homogeneous
equations. In other words, from Eq. (21), one obtains two independent differential
equations+, namely
g − 2TgT = T0Ωw,0
(
T0
T
)− 3(1+w)α
2
, (22)
h− TGhTG −
4TG
2
α− 1hTGTG = 0. (23)
We remark that when α = 1, the ODE for h(TG) does not diverge since the coefficient
of hTGTG is well-defined for all values of α. In fact, the resulting limit is
4TG
2
α− 1
∣∣∣∣
α=1
= 2304
α6
t8
(α− 1)
∣∣∣∣
α=1
= 0. (24)
Resolution for h(TG): In the event of α = 1, since TG = 0 according to Eq. (18),
the h function does not physically contribute to the evolution since TG is identically
zero and any evolution will be solely generated by g (since T 6= 0). For this case, the
condition to fulfill would be that h(0) = 0 provided that both hTG(0) and hTGTG(0)
are finite. Under these conditions, a class of functions can be allowed to satisfy the
condition h(0) = 0, for example h ∝ TGn for n > 2.
On the other hand, for values α 6= 1, and making use of Eq. (18), Eq. (23) can be
fully expressed in terms of TG whose general solution is
h(TG) = c1 TG
1−α
4 + c2 TG , (25)
where c1,2 are integration constants. In the last expression, the second term represents
the Gauss-Bonnet term, which is a total derivative and can be removed from the La-
grangian.
In order to keep vacuum solutions, where T = 0 and TG = 0, and keeping in mind
the form of h(TG) given in (25), the power of TG has to be non-negative i.e., α < 1
unless c1 = 0. The latter leading to a trivial solution of the equation (23).
+ This approach has been used in f(R,G) gravity in Refs. [85, 86].
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Resolution for g(T ): in order to solve Eq. (22) for the function g(T ), two cases
are considered, namely
• 1− 3α(1 + w) 6= 0: for such models, the function of g(T ) is given by
g(T ) = c3
√
T +
Ωw,0T0
1− 3α(1 + w)
(
T0
T
)− 3α(1+w)
2
, (26)
where c3 is an integration constant. The first term provides the same cosmological
evolution that arises in Dvali, Gabadadze and Porrati (DGP) gravity (c.f. [43, 88]
for further details). In order to recover vacuum solutions, we shall require g(0) = 0.
This imposes the following condition,
α(1 + w) > 0, (27)
where by hypothesis the case α(1 + w) = 1/3 (i.e., w 6= −1 + 1/3α) is excluded.
If the function h is non-trivially null, condition (27) can be combined with the
previously found condition α ≤ 1, which was shown to be necessary for non-trivial
h functions. Thus, by combining such two conditions the values of α and w are
constrained as follows
a) for α < 0, w < −1;
b) for 0 < α ≤ 1, w > −1.
Recalling the deceleration parameter as given by Eq. (19), cosmological accelera-
tion shows up provided α < 0 and deceleration provided 0 < α < 1.
In GR (or equivalently TEGR) deceleration occurs with perfect fluids whose EoS
parameter is given by w > −1/3. Nonetheless, our analysis in this section shows
that the deceleration condition includes values of w ≤ −1/3, such that the extra
gravitational terms in the action are the responsible for that. Indeed, in the event
that TEGR is to be recovered, then the exponent in the second term of Eq. (26)
must be equal to −1, resulting into the condition α(1 + w) = 2/3, leading to
w = −1 + 2
3α
. (28)
• Finally, for the particular case 1− 3α(1 + w) = 0, i.e.,
α(1 + w) =
1
3
, (29)
the function g(T ) which is the solution of Eq. (26) becomes
g(T ) = c4
√
T − 1
2
Ωw,0T
√
T0
T
ln
(
T0
T
)
, (30)
where c4 is an integration constant. In this case, the vacuum solution g(0) = 0
is recovered in the limit T → 0 according to Eq. (29) and provided non-trivial
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solutions of h, i.e., the condition α ≤ 1 must be accomplished. Thus, in this
scenario the possible values of w would range from w > −2/3 and w < −1. In
terms of the deceleration parameter, during an acceleration phase (α < 0), we find
w < −1 whilst during a decelerating phase (0 < α < 1), we find w > −2/3, such
that the transition point occurs at w = −2/3.
Here and in several of the models that follow, TEGR cannot be completely
recovered. This is not uncommon in the more exotic theories of gravity. While
the expansion history is constrained by the Hubble parameter in Eq.(18) it would
be interesting to investigate whether or how other cosmological properties may be
physically different from the TEGR case but this is beyond the scope of this study.
The results of Section 3.1 are summarised on Table 1.
3.2 f(T, TG) = Tg(TG)
The next type of f(T, TG) models investigates the possibility of performing a rescaling
on TEGR through a function g(TG) in terms of the Gauss-Bonnet term. For this model,
the Friedmann equation reduces to
g + TGgTG +
48α3
t4
(gTG + 2TGgTGTG) = −Ωw,0
(
t
t0
)−3(1+w)α+2
. (31)
Analogously to the models studied in Section 3.1 above, it is important to distin-
guish the α = 1 and α 6= 1 cases.
(i) α = 1: Since TG = 0 in such instances, this sets g(TG) = g(0), hence a con-
stant. Therefore, the Lagrangian behaves as a rescaled TEGR by a suitable constant
g(0). Thus, the Friedmann equation (31) reduces to
g + TGgTG +
48
t4
(gTG + 2TGgTGTG)
∣∣∣∣
TG=0
= −Ωw,0
(
t
t0
)−3(1+w)α+2
. (32)
By evaluating TG, this equation is essentially an equation of the form
µ+ νt−4 = βt−3(1+w)α+2, (33)
where the symbols µ ≡ g + TGgTG , ν ≡ 48 (gTG + 2TGgTGTG) and β ≡
−Ωw,0(1/t0)−3(1+w)+2 have been introduced. Note that both µ and ν are evaluated
at TG = 0, so are constants. Here we can distinguish two cases, depending on the value
of α with respect to the EoS parameter w:
• α = 2
1+w
. In this case, µ = 0 in (33), while ν = β. Then, the most general solution
becomes:
g(TG) =
i∑
n=1
αnT
n
G , (34)
where αn are arbitrary constants except α2 = β/48.
Cosmological reconstructed solutions... 12
• α = 2
3(1+w)
. In this case, the time variable in the equation (33) is removed in the
rhs, such that ν = 0 and µ = β. Then, the following solution holds:
g(TG) = β +
i∑
n=2
αnT
n
G . (35)
We remark that the TEGR contribution in the Lagrangian is obtained by setting
β = −1, and requiring the parameters αn to all vanish.
Note that both Lagrangians contain vacuum solution, since both are finite when evalu-
ating at TG = 0.
(ii) α 6= 1: In this case, Eq. (31) can be expressed in terms of TG only
g +
α + 1
α− 1TGgTG +
4TG
2
α− 1gTGTG = −Ωw,0
(
TG,0
TG
)−3(1+w)α+2
4
, (36)
whose solution becomes
g(TG) = c1TG
m+ + c2TG
m
− + A
(
TG,0
TG
) 2−3α(1+w)
2
, (37)
where
m± =
1
8
(
3− α±
√
α2 − 22α+ 25
)
,
A = − 2(α− 1)Ωw,0
3[6α2w2 + (13α2 − 11α)w + 7α2 − 11α+ 4] , (38)
and c1,2 are integration constants provided that the denominator in (38) is non-zero,
i.e.,
w 6= 11− 13α±
√
α2 − 22α + 25
12α
. (39)
It is also important to impose a real power in order to exclude complex Lagrangians
(unless both c1 and c2 are zero). This is possible provided that the square-root of
exponents in Eq. (37) first line are non-negative, i.e.,
α2 − 22α + 25 ≥ 0 =⇒ α ≤ 11− 4
√
6 or α ≥ 11 + 4
√
6, (40)
or approximately α . 1.2 or α & 20.8.
The final issue to consider for solutions of the form (37) is to recover vacuum so-
lutions, i.e., g(0) = 0. This is possible as far as the exponents in (37) lead to positive
powers of TG, which can be provided by setting α(1+w) > 0 in the last term and fixing
c1,2 = 0 in case of m± < 0, which holds for the first term when 1 < α ≤ 11 − 4
√
6
(1 < α . 1.2) whilst for the second term, α ≤ 11− 4√6 (α . 1.2).
Cosmological reconstructed solutions... 13
In terms of the expansion of the universe, we reach the following conclusions: if
the c1 term is retained, the values of α define an accelerating universe even with the
presence of fluids with an EoS parameter w ≥ −1/3. On the other hand, if the c2
term is retained, α < 0 is described by phantom fluids (which excludes the standard
−1 ≤ w ≤ −1/3 domain) whilst for 0 < α < 1, which describes a decelerating universe,
a non-phantom fluid is required (which also includes the standard −1 < w ≤ −1/3
domain).
3.3 f(T, TG) = TGg(T )
Let us now consider the class of gravitational Lagrangians rescaled by a function of the
torsion scalar T . For this class of models, the Friedmann equation becomes
−4
3
T 3gT = T0Ωw,0
(
T0
T
)− 3(1+w)α
2
, (41)
whose solutions depend upon the relation between α and w, giving rise to the following
cases:
(i) 4− 3α(1 + w) 6= 0: in this case, the solution of Eq. (41) is given by
g(T ) = c1 + A
(
T
T0
)3α(1+w)/2
, (42)
where A =
3Ωw,0
2[4−3α(1+w)]
and c1 is an integration constant. This constant corresponds
to the Gauss-Bonnet term and hence can be removed. For vacuum solutions, by
using the arguments in the previous section, the resulting power of T in the last
term of Eq. (42) has to be positive at all times. This leads to the condition
α(1 + w) > −2
3
. (43)
excluding α(1 + w) 6= 4/3 since this leads to a singularity in the Lagrangian. No
further constraints on α exist.
(ii) 4− 3α(1 + w) = 0: in this case, the solution of Eq. (41) is given by
g(T ) = c2 + A ln
(
T0
T
)
, (44)
where A =
3Ωw,0
4T0
and c2 is an integration constant. In this case, vacuum solutions
exist and no further relation between α and w is needed.
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3.4 f(T, TG) = −T + TGg(T )
The next form of f considers again a rescaling of TG by a function in terms of the torsion
scalar T , but this time including the effects of the TEGR term −T . For this type of
models, the Friedmann equation becomes
T − 4
3
T 3gT = T0Ωw,0
(
T0
T
)− 3(1+w)α
2
, (45)
Analogously to the results in Sec. 3.3, the obtained solutions depend upon the relation
between α and w. In fact solutions are identical to those obtained above in Sec. 3.3,
except for the fact that solutions require an extra term which stems from the T term
on the l.h.s. of Eq. (45) being
gpart.(T ) = − 3
4T
. (46)
Overall, according to the form of the Lagrangian this adds an extra contribution of
−T − 3TG
4T
to the Lagrangian compared to solutions in Sec. 3.3.
3.5 f(T, TG) = −T + µ
(
T
T0
)β (
TG
TG,0
)γ
Let us now assume a Lagrangian described by powers of the scalar functions together
with the TEGR term to check whether such models are capable of reproducing power-law
solutions. Here, µ, β and γ are constants (µ with units of T and β and γ dimensionless
exponents). The Friedmann equation becomes
T + µ
(
T
T0
)β (
TG
TG,0
)γ [
1− 2β − γ − 2γ
α− 1 (β + 2γ − 2)
]
= T0Ωw,0a
−3(1+w) , (47)
where two cases deserve to be analised separately, namely
(i) α = 1: In this case TG ≡ 0 and the Lagrangian effectively reduces to TEGR. Thus
the previous equation yields
T = T0Ωw,0a
−3(1+w) , (48)
which, according to expression (18) fixes w = −1/3.
(ii) α 6= 1: In this case, the constant µ in Eq. (47) can be found by evaluating the
expression at current time
µ =
T0(Ωw,0 − 1)(α− 1)
(α− 1)(1− 2β − γ)− 2γ (β + 2γ − 2) , (49)
provided that the denominator is non-zero (if this is the case, the Friedmann
equation reduces to that of TEGR meaning that the power terms do not affect
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the power-law evolution). Thus, using expression (49), the Friedmann equation
can be expressed in a simpler form,
T
T0
+
(
T
T0
)β (
TG
TG,0
)γ
(Ωw,0 − 1) = Ωw,0a−3(1+w) , (50)
which eventually can be rewritten in terms of cosmic time using (18) to become(
t
t0
)−2+3(1+w)α
+ (Ωw,0 − 1)
(
t
t0
)−2β−4γ+3(1+w)α
= Ωw,0. (51)
This leads to an important consequence. Since the RHS is constant in cosmic time,
the l.h.s. must be time independent. This can only hold provided that the powers
of t are zero, which leads to the following constraints
β + 2γ = 1, (52)
3α(1 + w) = 2. (53)
The first condition constrains the relation between the exponents β and γ (this also
ensures that vacuum solutions can be obtained) whilst the second one restricts the
equation of state parameter of the fluid w in relation to the power-law exponent
α. For matter and radiation dominated universes, the latter holds exactly as in
GR (w = 0 and α = 2/3 for matter whilst w = 1/3 and α = 1/2 for radiation).
Furthermore, coupled with the condition that the denominator of µ in Eq. (49) is
non-zero, an extra condition is obtained
γ 6= α− 1
3α− 1 , (54)
which constrains the allowed values of γ.
The results of the whole Section 3 are summarised on Table 1.
4 Reconstruction through the Hubble parameter
In this section, we consider reconstruction models for power-law solutions for the Hubble
parameter, i.e., H ∝ tα for some real constant α. Again, as in the previous case, there are
numerous important samples of power-law ansatzs which can be taken for the Hubble
parameter, some of them widely studied in the literature, Refs.[100, 101, 102, 103].
Throughout this Section, H , T and TG take the following forms,
H = H0
(
t
t0
)α
, T = 6H20
(
t
t0
)2α
, TG = 24H
3
(α
t
+H
)
. (55)
Furthermore, the scale factor takes on two different forms depending on the value of α.
For α 6= −1,
a(t) = exp
{
H0t0
1 + α
[(
t
t0
)1+α
− 1
]}
, (56)
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f(T, TG) = g(T ) + h(TG)
Parameters 1− 3α(1 + w) 6= 0 1− 3α(1 + w) = 0
α = 1
h(TG) = 0, TGh
′(TG) = 0, TGh
′′(TG) = 0 at TG = 0
g(T ) = c1
√
T +
Ωw,0T0
1−3α(1+w)
(
T0
T
)− 3α(1+w)
2 g(T ) = c1
√
T − 1
2
Ωw,0T
√
T0
T
ln
(
T0
T
)
α 6= 1
h(TG) = c1TG
1−α
4 + c2TG
f(T, TG) = Tg(TG)
Parameters α = − 2
1+w
α = 2
3(1+w)
α = 1 g(TG) =
∑i
n=1 αnT
n
G, i ∈ Z+, i ≥ 1 g(TG) = β +
∑i
n=2 αnT
n
G, i ∈ Z+, i ≥ 2
α 6= 1 g(TG) = c1Tm+G + c2Tm−G + A(TG,0/TG)
2−3α(1+w)
2
f(T, TG) = TGg(T )
Parameters 4− 3α(1 + w) 6= 0 4− 3α(1 + w) = 0
α 6= 1 g(T ) = c1 + A(T/T0)3α(1+w)/2 g(T ) = c1 + A ln
(
T0
T
)
f(T, TG) = −T + TGg(T )
Parameters 4− 3α(1 + w) 6= 0 4− 3α(1 + w) = 0
α 6= 1 g(T ) = c1 + AT 3α(1+w)/2 − 34T g(T ) = c1 + A ln
(
T0
T
)− 3
4T
f(T, TG) = −T + µ
(
T
T0
)β (
TG
TG,0
)γ
Parameters
α = 1 Solution exists just for w = −1/3 with µ, β and γ undetermined
α 6= 1 µ =
T0 (Ωw,0 − 1)
1− 2β − γ − 2γ
α− 1 (β + 2γ − 2)
, β = 1− γ and α = 2/3(1 + w)
Table 1: Summary of the Lagrangians f(T, TG) that reproduce power law solutions of
the type a(t) ∝ tα. Note every gravitational action is subjected to the values of the
free parameters, leading to analytical functions at every point (including vacuum) or to
singular functions. Hence, depending on the free parameters, one action may be more
convenient than others
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whilst for α = −1,
a(t) =
(
t
t0
)H0t0
. (57)
As in Sec. 3, we now solve the Friedmann equation for the various models of f(T, TG)
gravity. In the event that we impose α = −1 then results presented in Sec. 3 are
recovered. Thus, in what follows α 6= −1 is assumed. In addition, the case of α 6= −1
may correspond to the Little Rip scenario for α > 0, since the Hubble parameter turns
out to be an increasing function of time tending to infinity at an infinite time. This
scenario would increase the inertial force of the expansion, breaking down bound systems
[89]. This phenomenon has been previously considered in other modified gravity theories
such as f(R) gravity [90].
4.1 Reconstruction for de Sitter solutions
In the event of α = 0 in Eq. (55), the Hubble parameter becomes constant, sayH = HdS.
Therefore, H , T and TG take the constant values,
H = HdS, T = 6HdS
2, TG = 24HdS
4. (58)
In vacuum, both T as TG become constant according to (58), so the Friedmann
equation reduces to
f − 2TfT − TGfTG = 0. (59)
Dealing this as a partial differential equation in f , this can be solved analytically to give
f(T, TG) =
√
T g
(
TG√
T
)
, (60)
where g is some arbitrary function. Thus, an infinite class of solutions of the form
(60) exists depending upon the choice of the function g. As expected one finds that
both the DGP term and Gauss-Bonnet terms are solutions for suitable functions g.
Although an infinite class of solutions does indeed solve Eq. (59), only a subset of these
solutions provide vacuum solutions through the requirement f(0, 0) = 0. For instance,
the solution
f(T, TG) = c1
√
T
(
TG√
T
)−1
= c1
T
TG
, (61)
where c1 is an arbitrary constant, does not generate vacuum solutions. Since TG = 2T
2/3
during de Sitter periods, f ∝ 1/T which does not give zero when T → 0. Anyhow,
suitable Lagrangians of the form (60) can be found.
4.2 f(T, TG) = g(T ) + h(TG)
For models which can be split as an addition of functions for T and TG, the Friedmann
equation reduces to
g + h− 12H2gT − TGhTG + 24H3hTGTG T˙G = T0Ωw,0a−3(1+w). (62)
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Since the scale factor can be expressed in terms of T only, the equation can be separated
into two decoupled differential equations for g and h (analogous to the case studied in
Sec. 3.1). Thus the corresponding two differential equations are
g − 2TgT = T0Ωw,0 exp
{
3(1 + w)H0t0
1 + α
[
1−
(
T
T0
) 1+α
2α
]}
, (63)
h− TGhTG + α
3α− 1 + 4Ht
(α +Ht)2
TG
2hTGTG = 0. (64)
(i) Finding g(T ): a general solution for g for Eq. (63) can not be found a pri-
ori. Nonetheless, an alternative consists of expressing the exponential function on the
r.h.s in Eq. (63) as a power series. In other words, we solve the differential equation
g − 2TgT = T0Ωw,0
∞∑
n=0
1
n!
{
3(1 + w)H0t0
1 + α
[
1−
(
T
T0
) 1+α
2α
]}n
(65)
Since the terms in the power-series are all continuous, the summation and integration
can be exchanged, and hence a power-series analytical solution for g can be generated,
being
g(T ) = c1
√
T
+ Ωw,0T0
∞∑
n=0
1
n!
[
3H0t0(1 + w)
1 + α
]n
2F1
[
− α
1 + α
,−n; 1
1 + α
;
(
T
T0
) 1+α
2α
]
, (66)
where c1 is an integration constant and 2F1(a, b; c; z) is Gauss’s hypergeometric function.
Note that the first term in Eq. (66) corresponds to the DGP term. A pertinent discus-
sion now would be a careful study about the approximate form of the hypergeometric
function appearing in solution (66). In order to do so, we have considered two limiting
cases, T/T0 ≪ 1 and T/T0 ≫ 1, which are presented in Appendix A and Table 2. These
will be useful when studying the feasibility of vacuum solutions at the end of the Section.
(ii) Finding h(TG): from (55), one finds that
TG = 24H0
3
(
t
t0
)3α
α
t
+ 24H0
4
(
t
t0
)4α
≡ At3α−1 +Bt4α, (67)
where A ≡ 24αH03
(
1
t0
)3α
and B ≡ 24H04
(
1
t0
)4α
. However, Eq. (67) is in general
not invertible for t, i.e., there is no function p such that t = p(TG), such that numerical
resources become necessary.
About vacuum solutions: In order for the full gravitational Lagrangian
f(T, TG) = g(T ) + h(TG) to recover vacuum solutions, i.e., f(0, 0) = 0 there are two
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possible options: either g(0) = −h(0) or g(0) = h(0) = 0. Since the argument of the
hypergeometric function in Eq. (66) is power dependent with exponent
1 + α
2α
, we have
two cases to consider for g depending on the sign of this exponent. Thus in order to
deal with such a problem, let us study the solution (66) and approximate solutions of
Eq. (64) in the limit T → 0.
Let us first consider an order approximation. Since Ht ∼ tα+1 ∝ T 1+α2α , we have the
following limits as T → 0. For 1 + α
2α
> 0 (i.e. α < −1 or α > 0), the Ht terms go to
zero whilst for
1 + α
2α
< 0 (i.e. −1 < α < 0), the Ht terms go to infinity. Note that the
case
1 + α
2α
= 0 is not considered here since this is true when α = −1, which contradicts
the assumption made in Eq. (56). Thus in this limit, the coefficient of TG
2hTGTG in Eq.
(64) becomes
α
3α− 1 + 4Ht
(α +Ht)2
=


3α− 1
α
, for α < −1 or α > 0,
0, for − 1 < α < 0.
(68)
Thus, under this approximation T → 0, Eq. (64) can be indeed solved,
h(TG) = c2 T
α
3α−1
G + c3 TG , for α < −1 or α > 0 (69)
h(TG) = c4 TG , for − 1 < α < 0 or α = 1/3 , (70)
with c2,3,4 arbitrary constants. The solution in Eq. (70) corresponds to the standard
boundary term, whereas for solution (69) the accomplishment of finite solutions at
TG = 0 depend upon the values of α or alternatively the fixing of c1 constant to zero.
Thus, since h(0) = 0 is assumed, we need that g(0) = 0 in Eq. (66).
Let us now study the effect of those two cases, namely
1 + α
2α
≷ 0 on the approximate
solution for g(T ).
• For 1 + α
2α
> 0 (i.e. α < −1 or α > 0), the hypergeometric function in the limit
T → 0 becomes 2F1(a, b; c; 0), which by definition is 1. Thus, the function g(0) in
Eq. (66) becomes
g(0) = Ωw,0T0
∞∑
n=0
1
n!
[
3H0t0(1 + w)
1 + α
]n
= Ωw,0T0 exp
[
3H0t0(1 + w)
1 + α
]
, (71)
which is non-zero. Thus, for this range of α, the full gravitational Lagrangian
f(T, TG) cannot host vacuum solutions.
• For 1 + α
2α
< 0 (i.e. −1 < α < 0), the argument in the hypergeometric function
present in solution (66) tends to infinity when T → 0. In this case, the hyperge-
ometric function is zero. Thus, g(0) = 0 as needed and hence for this interval of
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values of parameter α vacuum solutions can be hosted.
The results of Section 4.2 as summarised on Table 2.
4.3 f(T, TG) = Tg(TG)
For T rescaling models, the Friedmann equation becomes
g + TGgTG − 4T T˙GHgTGTG = −
T0
T
Ωw,0 exp
{
3(1 + w)H0t0
1 + α
[
1−
(
T
T0
) 1+α
2α
]}
. (72)
At this point, a number of problems arise. Firstly, the coefficient of gTGTG cannot be
expressed in terms of TG only. This problem arises from the non-invertibility of the
time parameter with TG similar to the scenario above in Sec. 4.2. This fact also implies
that the r.h.s. of Eq. (72) cannot be expressed in terms of TG. Thus, the resulting
differential equation cannot be expressed in terms of the variable TG only and hence
cannot be solved. Nonetheless, as described above the equation can be settled in terms
of the time variable only. The resulting equation cannot be analytically solved thus one
might consider solving these equations using numerical techniques. Furthermore, even
if a solution is found, due to the problem of invertibility, the function g would not be
expressible in terms of TG analytically.
4.4 f(T, TG) = TGg(T )
For TG rescaling, the Friedmann equation becomes
−4
3
T 3gT = T0Ωw,0 exp
{
3(1 + w)H0t0
1 + α
[
1−
(
T
T0
) 1+α
2α
]}
. (73)
Analogously to the additive model in Sec. 4.2, finding the full analytical solution in Eq.
(73) is not possible directly. However, the solution can be generated using power series.
Expressing the exponential function as a power series, the Friedmann equation can be
expressed as
−4T
3
3
gT = T0Ωw,0
∞∑
n=0
1
n!
{
3(1 + w)H0t0
1 + α
[
1−
(
T
T0
) 1+α
2α
]}n
, (74)
whose r.h.s., given the fact that T > 0 according to (55), is real at all times. Analogously
to the additive model in Sec. 4.1, the terms in the power-series above are all continuous.
Thus, the summation and integration can be exchanged leading to the following solution,
g(T ) = c1
+
∞∑
n=0
3Ωw,0T0
8T 2 n!
[
3H0t0(1 + w)
1 + α
]n
2F1
[
− 4α
1 + α
,−n; 1− 4α
1 + α
;
(
T
T0
) 1+α
2α
]
, (75)
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where c1 is an integration constant and 2F1(a, b; c; z) holds again for the Gauss’s
hypergeometric function. We find that the first term corresponds to the Gauss-Bonnet
term (since the full gravitational Lagrangian is f = TGg) and hence can be removed from
the Lagrangian. For completeness, the term is retained in what follows. To restrict the
possible types of functions as given by (75), we aim for vacuum solutions to be recovered
i.e., f(0, 0) = 0. Since TG ∼ T 2, we require that the hypergeometric function goes to
zero when T → 0. Due to the power-dependence in the argument of the hypergeometric
function, we have two cases depending on the exponent (1 + α)/2α. These turn out to
be identical to those found in Sec. 4.2, in other words the possible set of functions are
those with −1 < α < 0 (i.e., negative exponent in the hypergeometric argument in Eq.
(75)). To analyse the behaviour of this function, we shall examine particular limits for
T below. In Appendix B we have studied the two limiting cases for the variable T/T0
in g(T ) solution (75) in order to provide further insight about the asymptotic form of
g(T ) for these models.
4.5 f(T, TG) = −T + TGg(T )
For these types of models, the Friedmann equation becomes
T − 4T
3
3
gT = T0Ωw,0 exp
{
3(1 + w)H0t0
1 + α
[
1−
(
T
T0
) 1+α
2α
]}
. (76)
The solution is the same as Sec. 4.4 with an extra particular solution
gpart.(T ) = − 3
4T
. (77)
The analysis for the limits on the hypergeometric and convergence are identical to those
carried out in the previous Sec. 4.4. The results of Section 4.4 as summarised on Table
2.
4.6 f(T, TG) = −T + µ
(
T
T0
)β (
TG
TG,0
)γ
For these types of models, the Friedmann equation becomes
T0Ωw,0a
−3(1+w) = T
+ µ
(
T
T0
)β (
TG
TG,0
)γ [
1− 2β − γ + 2αβγ
α +Ht
+
αγ(γ − 1)
(α +Ht)2
(3α− 1 + 4Ht)
]
. (78)
By evaluating the expression at current times, the constant µ is found to be
µ =
T0 [Ωw,0 − 1]
1− 2β − γ + 2αβγ
α +H0t0
+
αγ(γ − 1)
(α+H0t0)
2 (3α− 1 + 4H0t0)
, (79)
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provided that the denominator is non-zero. Assuming that µ 6= 0 in (79) holds, Eq.
(78) becomes
µ
T0
(
t
t0
)2αβ (
TG
TG,0
)γ [
1− 2β − γ + 2αβγ
α+Ht
+
αγ(γ − 1)
(α +Ht)2
(3α− 1 + 4Ht)
]
a3(1+w)
+
(
t
t0
)2α
a3(1+w) = Ωw,0. (80)
Obviously, this equation is only valid provided that the l.h.s. is time independent. For
α 6= −1, this becomes problematic due to the presence of the exponential terms which
the scale factor may rise up according to Eq. (56). An attempt for solving the time
independence has been carried out, with an apparent solution to exist in the limit when
α → ∞ whilst only applicable in certain epochs (with no clear solution for all times).
However, this α limit results into an unphysical resolution, being that ΩM,0 → 0, which
is clearly not in agreement with observational data. Thus, no Lagrangian solution has
been found for this power law model.
The results of Section 4 are summarised in Table 2.
5 Reconstruction for ΛCDM exact solution for dust matter and
cosmological constant
Let us now focus on the possibility of reconstructing a gravitational Lagrangian
capable of mimicking the ΛCDM analytical scale factor when both dust matter and a
cosmological constant are the sole ingredients in the cosmological budget. For simplicity
no spatial curvature is considered. As well known this model is described by a scale
factor of the form∗[86]
a(t) =
(
ΩM,0
1− ΩM,0
)1/3
sinh2/3
(
3
√
1− ΩM,0
2
H0t
)
. (81)
To lighten the notation, let us introduce the following quantities
K1 ≡
(
ΩM,0
1− ΩM,0
)1/3
, K2 ≡
3
√
1− ΩM,0
2
H0. (82)
In this way, the scale factor is simply expressed as a(t) = K1 sinh
1/3(K2t). For this scale
factor, H , T and TG are given by
H =
2K2
3
coth (K2t) , T = 6H
2, TG = (1− ΩM,0) T0T − T
2
3
. (83)
Furthermore, the scale factor can be expressed in terms of T as
a3 =
8K1
3K2
2
3T − 8K22
=
T0ΩM,0
T − T0 (1− ΩM,0) . (84)
∗ The relative density today in form of cosmological constantΩΛ has been substituted by ΩΛ = 1−ΩM,0.
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de Sitter solutions: H = HdS → TdS = 6HdS2 and TGdS = 24HdS4
α = 0
Any solution of the algebraic equation: f(TdS, TGdS)− 2TdSfTdS − TGdSfTGdS = 0,
one class of which is Eq. (60).
f(T, TG) = g(T ) + h(TG)
g(T ) = c1
√
T + Ωw,0T0
∞∑
n=0
1
n!
[
3H0t0(1+w)
1+α
]n
2
F1
[
− α
1+α
,−n; 1
1+α
;
(
T
T0
) 1+α
2α
]
No exact solution for h(TG)
Limits −1 < α < 0
T/T0 ≪ 1 g(T ) = c1
√
T + Ωw,0T0e
z
∞∑
m=0
(−z)m
(b)m
; b ≡ 1
1 + α
and z ≡ −3H0t0(1 + w)
1 + α
(
T
T0
) 1+α
2α
T/T0 ≫ 1 g(T ) = g(T ) ≈ c1
√
T + Ωw,0T0 exp
[
3H0t0(1+w)
α+1
] [
1 + α 3H0t0(1+w)
α+1
(
T
T0
)α+1
2α
]
.
(1 + α)/2α > 0 −1 < α < 0
T → 0 h(TG) = c1 T
α
3α−1
G + c2 TG h(TG) = c3 TG
f(T, TG) = TGg(T )
g(T ) = c1 +
∑
∞
n=0
3Ωw,0T0
8T 2n!
(
3H0t0(1+w)
1+α
)n
2F1
(
− 4α
1+α
,−n; 1− 4α
1+α
;
(
T
T0
) 1+α
2α
)
Limits α 6= (1−m)/(3 +m) for m = 0,−1,−2,−4,−5...
T/T0 ≪ 1 g(T ) = c1 + 3Ωw,0T0
8T 2
1F1
(
− 4α
1+α
; 1−3α
1+α
;−3H0t0(1+w)
1+α
(
T
T0
) 1+α
2α
)
.
T/T0 ≫ 1 g(T ) ≈ c1 + 3Ωw,0T08T 2 exp
[
3H0t0(1+w)
1+α
] [
1 + 3H0t0(1+w)
1+α
4α
1− 3α
(
T
T0
) 1+α
2α
]
.
f(T, TG) = −T + TGg(T )
α 6= (1−m)/(3 +m) for m = 0,−1,−2,−4,−5...
g(T ) = c1 +
∑
∞
n=0
3Ωw,0T0
8T 2n!
(
3H0t0(1+w)
1+α
)n
2F1
(
− 4α
1+α
,−n; 1− 4α
1+α
;
(
T
T0
) 1+α
2α
)
− 3
4T
f(T, TG) = −T + µ
(
T
T0
)β (
TG
TG,0
)γ
No physical solution found.
Table 2: Summary of the Lagrangians f(T, TG) that reproduce exponential solutions of
the type a(t) ∝ exp
(
tα+1
1+α
)
with α 6= −1. However, in general this type of cosmologies,
except in the dS case (α = 0), leads to the presence of hypergeometric functions in the
action, which may become problematic while analysing the convergence of the series
or even the complexity of the function for some arguments, as well as the possible
non-existence of vacuum solutions. More details in the text.
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Note that this expression holds for all times since 3T −8K22 never cancels. Rearranging
expression (84) yields
T
T0
= ΩM,0a
−3 + (1− ΩM,0) , (85)
i.e., the standard ΛCDM Friedmann equation with dust and cosmological constant
contributions only. Since we are interested in reconstructing ΛCDM solutions, the role
of the f(T, TG) Lagrangian would be precisely to explain this cosmological evolution
without invoking any dark fluid nor the addition of any cosmological constant.
In analogy with the previous sections, in the following we shall consider different
classes of f(T, TG)models. It is important to note that in absence of TG and by assuming
the presence of dust matter (i.e., w = 0), the Friedmann equation (15) can be solved by
plugging Eq. (85) where required, rendering the well-known solution
f(T ) = −T − (1− ΩM,0)T0 + c1
√
T , (86)
where c1 is an integration constant. This is the same solution as found in [91] with
(1− ΩM,0)T0 ≡ 2Λ.
5.1 f(T, TG) = g(T ) + h(TG)
For this case, since the scale factor can be expressed in terms of T only, this gives rise
to two separate differential equations being
g − 2TgT = T0Ωw,0
[
T0ΩM,0
T − T0 (1− ΩM,0)
]−(1+w)
, (87)
h− TGhTG + 2
(
TG
2 − TGT 2 + 2T
4
9
)
hTGTG = 0. (88)
The solution for g is given by
g(T ) = c1
√
T + T0Ωw,0
[
ΩM,0T0
T − (1− ΩM,0)T0
]−(1+w)
×{
2F1
[
1, w +
1
2
;
1
2
;
T
(1− ΩM,0) T0
]
+
T
(1− ΩM,0) T0 2F1
[
1, w +
3
2
;
3
2
;
T
(1− ΩM,0)T0
]}
, (89)
where c1 is an integration constant. The first term corresponds to the DGP term which is
expected to appear. Before simplifying the expression above in certain limits of interest,
we shall first investigate whether vacuum solutions can be recovered. For this to occur,
we require f(0, 0) = 0, i.e., either g(0) = −h(0) or g(0) = h(0) = 0. In fact, the second
case is ruled out since it turns out that
g(0) = T0Ωw,0
(
ΩM,0
ΩM,0 − 1
)−(1+w)
, (90)
which is a non-zero constant. Interestingly, this expression yields a constraint on the
possible values of w since the bracketed term is negative (ΩM,0 ≤ 1 according to
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observational data). For instance, dust provides a real value for g(0) while radiation
does not.
Let us now analyse equation (88) for h(TG). Since such equation is not fully
expressed in terms of TG, we can use Eq. (83) to obtain the relation among both
scalars:
T =
3 (1− ΩM,0) T0
2
[
1±
√
1− 4TG
3(1− ΩM,0)2T02
]
. (91)
By evaluating the expression at current times and using T = T0 and TG =
T0
2
(
2
3
− ΩM,0
)
, yields
2 = 3 (1− ΩM,0)± (1− 3ΩM,0) , (92)
leading to the negative sign in Eq. (91) as the only possible solution. Furthermore,
solution (91) has to be real, meaning that
TG ≤ 3(1− ΩM,0)
2 T0
2
4
. (93)
By the expression of TG, the maximum value of TG occurs at T = 3 (1− ΩM,0) T0/2
which is precisely
3(1− ΩM,0)2 T02
4
. Thus, expression (91) with the minus sign is well
defined at all times. Therefore, Eq. (88) can be expressed solely in terms of TG, as
follows
0 = h− TGhTG
+ 18(1− ΩM,0)4T04
{
1− 11TG
6(1− ΩM,0)2T02
+
2TG
2
3(1− ΩM,0)4T04
−
[
1− 7 TG
6(1− ΩM,0)2T02
]√
1− 4TG
3(1− ΩM,0)2T02
}
hTGTG . (94)
whose solution turns out to be
h(y) = c2
(
1− y2)− 1
128
c3(1− 3y)2/3
[
(40y + 24)
√
1− y
+ 5
√
6 2F1
(
1
2
,
2
3
;
5
3
;
3y − 1
2
)
(y2 − 1)
]
, (95)
where y ≡
√
1− 4TG
3(1− ΩM,0)2T02
where c2,3 are integration constants. The first term
corresponds to the Gauss-Bonnet which is expected to appear. In order to investigate
the vacuum solutions condition, we take the TG → 0 limit, which corresponds to y → 1.
It turns out that h(TG = 0) = 0. This result, together with the obtained value for g(T =
0) 6= 0 as obtained in Eq. (90) leads us to conclude that Lagrangians of the form studied
here cannot describe vacuum solutions since the condition f(0, 0) = h(0) + g(0) = 0 is
not satisfied.
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5.2 f(T, TG) = Tg(TG)
For g(TG) rescaling models, the Friedmann equation becomes
g−TGgTG+
4T 2
3
gTG−2
(
TG
2 − TGT 2 + 2T
4
9
)
gTGTG = −
T0
T
Ωw,0
[
T0ΩM,0
T − T0 (1− ΩM,0)
]−(1+w)
.
(96)
By using Eq. (91) and by introducing the variable y ≡
√
1− 4TG
3(1− ΩM,0)2T02
, Eq. (96)
can be recast as
2y2 (y − 1) g + (y − 1)2 (y2 − 5y + 2) gy − 2y(3y − 1)(y − 1)3gyy
=
4y2
3 (1− ΩM,0)
[
2ΩM,0
3 (1− ΩM,0) (1− y)− 2 (1− ΩM,0)
]−(1+w)
. (97)
whose solution for the associated homogeneous equation can be extracted using power
series. Namely, assuming that
ghom(y) ≡
∞∑
n=0
any
n, (98)
where an are unknown coefficients, yields the following recurrence relation(
2 + 7n− 6n2) an + (20n2 + 13n− 9) an+1 − (n+ 2)(24n+ 11)an+2
+ 3(n + 3)(4n+ 5)an+3 − 2(n+ 2)(n+ 4)an+4 = 0, (99)
which is defined for n ≥ 0 with the conditions a0 = 3(a2 − a3) and a1 = 0 being a2 and
a3 the constants of integration for the homogeneous solution. For illustrative purposes
we provide below the first six non-zero terms in the series
a0 = 3(a2 − a3) , a2 = c1 , a3 = c2 , a4 = 1
16
(39a3 − 16a2),
a5 =
1
40
(211a3 − 112a2) , a6 = 1
384
(4403a3 − 2544a2),
where we have defined a2 and a3 in terms of c1 and c2 respectively to denote them as
the integration constants. Thus, the homogeneous solution is given by
ghom(y) = c1
(
3 + y2 − y4 − 14
5
y5 − 53
8
y6 . . .
)
+ c2
(
−3 + y3 + 39
16
y4 +
211
40
y5 +
4403
384
y6 . . .
)
. (100)
which does not correspond to any well-known series in terms of transcendental functions.
In principle, since the homogeneous solution has been obtained, the particular solution
can be found using the well-known Green’s function and Wronskian method [92].
However, since the homogeneous solutions are expressed in terms of power series, the
particular solution would require numerical methods in addition to boundary conditions,
which are unknown.
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5.3 f(T, TG) = TGg(T )
For this model, the Friedmann equation reduces to
−4T
3
3
gT = T0Ωw,0
[
T0ΩM,0
T − T0 (1− ΩM,0)
]−(1+w)
, (101)
being the solution given by
g(T ) = c1 +
3Ωw,0T0
8T 2
[
ΩM,0T0
T − (1− ΩM,0)T0
]−(1+w)
×
{
1 +
1 + w
1− w 2F1
[
1, 2; 2− w; (1− ΩM,0) T0
T
]}
, (102)
where c1 is an integration constant, which corresponds to the Gauss-Bonnet term in the
Lagrangian. Note that due to the presence of the hypergeometric function, the solution
is not valid for w = n, where n ∈ Z+, as the solution becomes singular. For instance,
for w = 1, the solution of (101) is given by
g(T ) = c1 − 3Ωw,0
4ΩM,0
2T0
[
−(1− ΩM,0)
2T0
2
2T 2
+
2 (1− ΩM,0) T0
T
+ ln
(
T
T0
)]
. (103)
However, this solution this does not generate vacuum solutions since the Lagrangian
diverges at T → 0 as
f(0) =
Ωw,0(1− ΩM,0)2T0
8ΩM,0
2
[
3 (1− ΩM,0) T0
T
− 13
] ∣∣∣∣
T→0
. (104)
This seems to be the case for all other positive integer values. Indeed, by assuming that
w = n for integer n ≥ 1, then Eq. (101) becomes
−4T
3
3
gT = T0Ωw,0
[
T − T0 (1− ΩM,0)
T0ΩM,0
]1+n
. (105)
Evaluating the function at T = 0 yields
T 3gT |T=0 = 3
4
T0Ωw,0(−1)n
(
1− ΩM,0
ΩM,0
)1+n
. (106)
This suggests that T 3gT ∼ T 2g ∼ TGg = f at T = 0 is non-zero, hence leading to no
vacuum solutions.
For the hypergeometric solution in Eq. (102), this also suffers from recovering
vacuum solutions. In this case the Lagrangian, reduces to
f(0) =
3Ωw,0 (1− ΩM,0) T02
8T
[
ΩM,0T0
T − (1− ΩM,0) T0
]−(1+w)
− Ωw,0T0
8
(
− ΩM,0
1− ΩM,0
)−(1+w)
(4 + 3w)
∣∣∣∣
T→0
, (107)
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which is undefined for every w 6= n, where n ∈ Z+ (we are excluding these values since
Eq. (102) is not defined at these instances), due to the first term which tends to infinity.
Thus, these Lagrangian models in Sec. 5.3 cannot describe the sought ΛCDM model
solution if vacuum solutions are expected to be recovered.
5.4 f(T, TG) = −T + TGg(T )
For this model, the Friedmann equation reduces to
T − 4T
3
3
gT = T0Ωw,0
[
T0ΩM,0
T − T0 (1− ΩM,0)
]−(1+w)
, (108)
The solution is the same as the previous section as found in Eq. (102) for w 6= n, n ∈ Z+
and the special cases for w = n, n ∈ Z+, which are solved separately (for instance, the
solution as given for w = 1 in Eq. (103)), but one must add an extra particular solution
gpart.(T ) = − 3
4T
. (109)
The resulting conclusions about vacuum solutions are identical to those found in the
previous section, Section 5.3, i.e. we are led to conclude that the obtained gravitational
Lagrangians cannot host vacuum solutions due to the divergence as T → 0 for these
solutions.
5.5 f(T, TG) = −T + µ
(
T
T0
)β (
TG
TG,0
)γ
For power-law f(T, TG) models in both T and TG, the Friedmann equation becomes
T + µ
(
T
T0
)β+γ [
3 (1− ΩM,0)T0 − T
(2− 3ΩM,0)T0
]γ [
(γ − 1)(2γ + 2β − 1)
− 4βγ + 6γ(γ − 1)
3 (1− ΩM,0)T0 − T T +
4γ(γ − 1)T 2
(3 (1− ΩM,0)T0 − T )2
]
= T0Ωw,0
[
T0ΩM,0
T − T0 (1− ΩM,0)
]−(1+w)
,
(110)
for some constants µ, β and γ. Note that in order for vacuum solutions to be obtained,
we require
β + γ > 0. (111)
The value for µ can be found by evaluating Eq. (110) at current times, yielding
µ =
T0 (Ωw,0 − 1)
(γ − 1)(2γ + 2β − 1)− 4βγ + 6γ(γ − 1)
2− 3ΩM,0 +
4γ(γ − 1)
(2− 3ΩM,0)2
≡ T0
ν
(Ωw,0 − 1) , (112)
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provided that the denominator ν is non-zero. Rearranging Eq. (110), it yields
T
T0
[
T0ΩM,0
T − T0 (1− ΩM,0)
]1+w
+
(Ωw,0 − 1)
ν
(
T
T0
)β+γ [
3 (1− ΩM,0)T0 − T
(2− 3ΩM,0)T0
]γ [
T0ΩM,0
T − T0 (1− ΩM,0)
]1+w
×
[
(γ − 1)(2γ + 2β − 1)− 4βγ + 6γ(γ − 1)
3 (1− ΩM,0) T0 − T T +
4γ(γ − 1)T 2
(3 (1− ΩM,0) T0 − T )2
]
= Ωw,0.
(113)
Since the r.h.s in the expression above is constant, then the T dependent quantities on
the l.h.s. must vanish. Note that for w 6= 0, the first term and the Ωw,0 independent
contribution resulting from the second term on the l.h.s cannot contribute to the r.h.s
and it must cancel. This results into the following condition[
T0ΩM,0
T − T0 (1− ΩM,0)
]1+w{
ν −
(
T
T0
)β+γ−1 [
3 (1− ΩM,0)T0 − T
3 (1− ΩM,0)T0 − T0
]γ
×
[
(γ − 1)(2γ + 2β − 1)− 4βγ + 6γ(γ − 1)
3 (1− ΩM,0)T0 − T T +
4γ(γ − 1)T 2
(3 (1− ΩM,0) T0 − T )2
]}
= 0.
(114)
The common square-bracket factor in the first line cannot be zero and hence the curly
bracketed term must be zero. Since ν is constant, the other terms must contribute to
a constant. This is only possible when only one of the terms in the square bracket
contributes, otherwise other remaining T terms would remain resulting the equation to
still be time dependent. Another way to look at the problem would be algebraically;
since the torsional terms result into a constant, this is identical to finding the variable
whose derivative with T is zero and then solve the resulting expression (as the constant
expression would be its resulting integral, with ν being the integration constant). When
the solutions are found, one then only needs to verify that ν 6= 0. With this approach,
the resulting equation to satisfy would be
T0
T 2[3(1− ΩM,0)T0 − T ]3
[
3(1− ΩM,0)T0 − T
3(1− ΩM,0)T0 − T0
]γ (
T
T0
)β+γ
× (X1 +X2T +X3T 2 +X4T 3) = 0, (115)
where
X1 ≡ 27(ΩM,0 − 1)3T03(γ − 1)(β + γ − 1)(2β + 2γ − 1), (116)
X2 ≡ 9(ΩM,0 − 1)2T02
{
2β2(5γ − 3) + β [γ(24γ − 29) + 9] + (γ − 1) [2γ(7γ − 5) + 3]} ,
(117)
X3 ≡ 3(ΩM,0 − 1)T0
{
2β2(7γ − 3) + β [γ(44γ − 45) + 9] + (γ − 1) [γ(32γ − 13) + 3]} ,
(118)
X4 ≡ (β + 2γ − 1) [β(6γ − 2) + (γ − 1)(12γ − 1)] . (119)
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The only possible solution for all times reduces each coefficient to zero, i.e. X1 =
X2 = X3 = X4 = 0. This results into a system of equations, whose solutions are{
β = 1
2
, γ = 0
}
, {β = 1, γ = 0}, {β = −1, γ = 1}, {β = 0, γ = 1}. The cases{
β = 1
2
, γ = 0
}
and {β = 0, γ = 1} correspond to the DGP and Gauss-Bonnet terms
respectively, which rightfully do not obey the condition ν 6= 0 since they do not
contribute to the Friedmann equation. Nevertheless, it is straightforward that no
vacuum solutions are allowed under such conditions.
Let us consider the case when w = 0. In this case, the Friedmann equation reduces
to (
T
T0
)β+γ [
3 (1− ΩM,0)T0 − T
(2− 3ΩM,0)T0
]γ
×
{
(γ − 1)(2γ + 2β − 1)− 4βγ + 6γ(γ − 1)
3 (1− ΩM,0)T0 − T T +
4γ(γ − 1)T 2
[3 (1− ΩM,0) T0 − T ]2
}
= ν ,
(120)
where in order for the l.h.s. to be constant, the possible values for β and γ are either
{γ = 1, β = −2} or {γ = 0, β = 0}. However, in both instances, the condition for
vacuum solutions is not satisfied.
The summary of Lagrangians that reproduce ΛCDM solution are summarised in
Table 3.
6 Conclusions
In this work we have expanded on previous studies for some extensions of Teleparallel
Theories of Gravity by including arbitrary functions of the torsion scalar and of a bound-
ary term analogous to the Gauss-Bonnet invariant in 3+1 dimensions. Thus we have
provided a careful description of gravitational models capable of reconstructing well-
known and paradigmatic cosmological solutions. Essentially, we have explored different
ways of reconstructing the corresponding Lagrangian by using either the cosmological
scale factor or the Hubble parameter, whenever one of these quantities is given in terms
of analytical functions. Following this, we have considered some generic gravitational
Lagrangians as well as developed some techniques to obtain the exact form of such
Lagrangians within this class of modified Teleparallel gravities. Furthermore, we have
explored whether the obtained Lagrangians can be considered as physically relevant by
analysing some of their properties. For instance, the existence of null torsion solutions
as vacuum solutions, which guarantees that such Lagrangians will indeed host both
Minkowski and Schwarzschild as cosmological solutions; a reasonable requirement for
viable theories of gravity.
Hence, firstly we have considered power-law solutions in cosmology, as such a type
of evolution is usually reproduced with perfect fluids with constant equation of state,
such as dust or radiation. In doing so, several forms of the Lagrangians have been
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f(T, TG) = g(T ) + h(TG)
g(T ) = c1
√
T + T0Ωw,0
(
ΩM,0T0
T−ΩΛT0
)−(1+w) [
2F1
(
1, w + 1
2
; 1
2
; T
ΩΛT0
)
+
T
ΩΛT0
2F1
(
1, w + 3
2
; 3
2
; T
ΩΛT0
) ]
h(y) = c1 (1− y2)− 1128c2(1− 3y)2/3
[
(40y + 24)
√
1− y + 5√6 2F1
(
1
2
, 2
3
; 5
3
; 3y−1
2
)
(y2 − 1)
]
,
where y ≡
√
1− 4TG
3ΩΛ
2T0
2
f(T, TG) = Tg(TG)
g(TG) =
∞∑
n=0
any
n where y ≡
√
1− 4TG
3ΩΛ
2T0
2 , and
(2 + 7n− 6n2) an + (20n2 + 13n− 9) an+1
−(n + 2)(24n+ 11)an+2 + 3(n + 3)(4n+ 5)an+3 − 2(n+ 2)(n+ 4)an+4 = 0
f(T, TG) = TGg(T )
g(T ) = c1 +
3Ωw,0T0
8T 2
(
ΩM,0T0
T−ΩΛT0
)−(1+w) [
1 +
1 + w
1− w 2F1
(
1, 2; 2− w; ΩΛT0
T
)]
,
f(T, TG) = −T + TGg(T )
g(T ) = c1 +
3Ωw,0T0
8T 2
(
ΩM,0T0
T−ΩΛT0
)−(1+w) [
1 +
1 + w
1− w 2F1
(
1, 2; 2− w; ΩΛT0
T
)]− 3
4T
,
f(T, TG) = −T + µ
(
T
T0
)β (
TG
TG,0
)γ
No vacuum solution found
w = 0 {γ, β} = {0, 1}
w 6= 0 {γ, β} = {1,−1}, {1,−2}, {0, 0}
Table 3: Summary of the Lagrangians f(T, TG) that reproduce exact ΛCDM model.
Here hypergeometric functions become also common in the action. The unique case
with no hypergeometric functions, the last one, provides a physical action but with no
vacuum solutions, an expected result when comparing to the same case in GR, which
do not have vacuum solutions either.
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assumed. It turns out that several classes of Lagrangians can reproduce these types
of solutions. However, as shown in Table 1, some of these Lagrangians are capable
of reproducing power-law solutions in cosmology, though they do not lead to vacuum
solutions, unless some restrictions on the free parameters are put in place. Other cases
do not provide much information about the Lagrangian, such as the one summarised at
the bottom panel of Table 1.
In addition, other interesting cosmologies have been explored throughout the course
of this paper. In particular, we have considered exponential-type solutions, which in-
clude de Sitter cosmologies as a specific case as well as the so-called Little Rip scenario.
Besides the de Sitter solution, which transforms the differential field equations into an
algebraic one, the other scenarios lead to complicated solutions for the gravitational
actions which usually involve hypergeometric functions, as shown in Table 2. Never-
theless, note that this class of Lagrangians is very common in modified gravities, for
instance in f(R) gravity [84]. Moreover, by assuming some asymptotic limits, the ap-
proximate Lagrangian may become simpler. Up to this point, the vacuum solutions
have been explored. These are contained in Table 2, where some of these solutions are
also new solutions in f(T ) gravity without the Gauss-Bonnet modification (for certain
free parameter choices). This is not the case for all the solutions in Table 2.
Finally, an exact ΛCDM cosmology has been considered in Section 5. Note that
the gravitational actions found here and summarised in Table 3 are the only ones in the
paper which lead to a ΛCDM cosmological evolution, while previous actions give other
types of solutions, which may provide a realistic evolution after including some other
elements. Then, our results from Section 5 conclude that besides the usual Teleparallel
Equivalent of General Relativity with a cosmological constant, other non-trivial f(T, TG)
gravitational actions without a cosmological constant can indeed mimic the Concordance
Model cosmological evolution, with both dust and a cosmological constant. This is one
of the most relevant results of this research. As in the previous case, most of these
Lagrangians become either hypergeometric functions or power series, which makes their
analysis difficult, as shown in Table 3. Nevertheless, by taking some limits the obtained
Lagrangians may be further simplified as in the previous case. Moreover, the last case
at the bottom of Table 3 illustrates the existence of solutions for a simpler Lagrangian,
similarly as in usual Gauss-Bonnet gravities [85], but with second order field equations,
which can prevent the existence of ghosts contrary to the general case of Gauss-Bonnet
gravity [83]. Nevertheless, for most of the Lagrangians summarised in Table 3, apart
from the cases reducing to the standard Teleparallel Equivalent of General Relativity,
vacuum solutions do not exist for the remaining cases.
Hence, we have shown that a wide range of f(T, TG) actions can be reconstructed
in order to provide paradigmatic expansion solutions. We have thus provided here an
extensive analysis under which Lagrangians may be considered viable in cosmological
Cosmological reconstructed solutions... 33
scales. Following this, we may conclude that such extensions of Teleparallel gravity
deserve further analysis, since a wide range of suitable Lagrangians with well-behaved
expansion history have been found. Ergo, the analysis of bouncing cosmologies
and the possibility of mimicking multi-fluid scenarios are merely two straightforward
generalisations to be grappled with, which may shed further light on the viability of
classes of f(T, TG) Teleparallel gravity theories.
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Appendix A Asymptotic behaviour for the Hubble power law scenario
additive model (Section 4.2)
In this appendix section, limits for the Gauss’s Hypergeometric function are investigated,
in particular for the solution given by Eq. (66) found in Section 4.2 , the additive
model for Hubble power-law models. Due to the form of the last argument in the
hypergeometric function, it is interesting to investigate the behaviour in T/T0 ≪ 1 and
T/T0 ≫ 1 limits, which simplifies the solution for these particular epochs. Following
the discussions of vacuum solutions in Section 4.2, the following analysis is carried out
for −1 < α < 0.
• T/T0 ≪ 1: Since 1 + α
2α
< 0 the argument in the hypergeometric solution as given
by Eq. (66) may become very large in this limit. This poses a problem since the
hypergeometric function is not specifically defined in these domains and has to
be analytically continued. For this reason, we resort in solving the Eq. (63) for
g within this constraint. Given that T/T0 ≪ 1 , then Eq. (63) approximately
becomes
g − 2TgT ≈ T0Ωw,0 exp
{
−3(1 + w)H0t0
1 + α
(
T
T0
) 1+α
2α
}
. (A.1)
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Expanding the exponential into a power series and solving the previous equation
yields
g(T ) = c1
√
T−αΩw,0T0
∞∑
n=0
1
n! [α(n− 1) + n]
[
−3H0t0(1 + w)
1 + α
(
T
T0
) 1+α
2α
]n
. (A.2)
Note that for the values of α considered, the denominators above do not vanish.
This particular series can be represented by the confluent Kummer hypergeometric
function of the first kind 1F1(a; b; z), and hence the solution (A.2) yields
g(T ) = c1
√
T + Ωw,0T0 1F1
[
− α
1 + α
;
1
1 + α
;−3H0t0(1 + w)
1 + α
(
T
T0
) 1+α
2α
]
. (A.3)
The series converges provided that b ≡ 1/(1+α) is a non-negative (including zero)
integer. Since −1 < α < 0, b is always positive and hence the series is convergent
(as expected from the series expansion). Note that the hypergeometric function
above can be further simplified as follows. The Kummer function has the property
that
1F1(a; b; y) = e
y
1F1(b− a; b;−y), (A.4)
which in this case simplifies to
1F1(a; b; y) = e
y
1F1(1; b;−y). (A.5)
From the definition of the Kummer function, we have
1F1(1; b;−y) =
∞∑
m=0
(1)m
(b)m
(−y)m
m!
=
∞∑
m=0
(−y)m
(b)m
, (A.6)
where we have used the fact that (1)m = m! and (b)m ≡ Γ(b +m)/Γ(b) holds for
the Pochhammer symbol, with Γ(x) being the Gamma function which is defined as
Γ(x) ≡
∞∫
0
tx−1e−t dt. (A.7)
Thus, the solution (A.3) becomes
g(T ) = c1
√
T + Ωw,0T0 e
y
∞∑
m=0
(−y)m
(b)m
, (A.8)
where in our case, b ≡ 1
1 + α
and y ≡ −3H0t0(1 + w)
1 + α
(
T
T0
) 1+α
2α
.
• T/T0 ≫ 1: For these epochs, the argument in the hypergeometric function of Eq.
(66) may consequently become very small. In this case, the hypergeometric function
2F1(a, b; c; y) can be represented as an infinite power-series
2F1(a, b; c; y) =
∞∑
m=0
(a)m(b)m
(c)m
ym
m!
= 1 +
ab
c
y
1!
+
a(a+ 1)b(b+ 1)
c(c+ 1)
y2
2!
+ ..., (A.9)
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Given that the argument y ≡ T/T0 is small, the leading order terms in the series
would be the first two terms. Thus, the solution (66) approximates to
g(T ) ≈ c1
√
T + Ωw,0T0
∞∑
n=0
1
n!
[
3H0t0(1 + w)
α + 1
]n [
1 + αn
(
T
T0
)α+1
2α
]
. (A.10)
By the use of the series expansions of ex and xex, the solution above further
simplifies to a much simpler form
g(T ) ≈ c1
√
T + Ωw,0T0 exp
[
3H0t0(1 + w)
α + 1
][
1 + α
3H0t0(1 + w)
α + 1
(
T
T0
)α+1
2α
]
.
(A.11)
If the ratio T/T0 is sufficiently small, then the solution above approximates to a
constant once the DGP term has been substracted.
Appendix B Asymptotic behaviour for the Hubble power law scenario TG
rescaling model (Section 4.4)
Similar to Appendix A, the T/T0 ≪ 1 and T/T0 ≫ 1 limits are again investigated
for the solution found in Section 4.4 Eq. (75), which is expressed in terms of Gauss’s
Hypergeometric function. In what follows, the values of −1 < α < 0 are considered
following the discussions given in Section 4.4.
• T/T0 ≪ 1: In this scenario, the argument of the hypergeometric function in Eq.
(75) is large♯. Thus, the hypergeometric function cannot be expanded into a power-
series since in these domains, the function needs to be analytically continued.
Instead, we investigate the original Eq. (73) and consider this limit. Thus Eq.
(73) approximately becomes
−4T
3
3
gT ≈ T0Ωw,0 exp
[
−3(1 + w)H0t0
1 + α
(
T
T0
) 1+α
2α
]
. (B.1)
Expanding the exponential as a power-series and solving yields
g(T ) ≈ c1 − 3αΩw,0T0
2T 2
∞∑
n=0
1
n![α(n− 4) + n]
[
−3H0t0(1 + w)
1 + α
(
T
T0
) 1+α
2α
]n
. (B.2)
Note that the denominator is always non-zero for the α range provided, therefore
the sum above is always well-defined. This series can be expressed in terms of the
Kummer confluent hypergeometric function rendering
g(T ) ≈ c1 + 3Ωw,0T0
8T 2
1F1
[
− 4α
1 + α
;
1− 3α
1 + α
;−3H0t0(1 + w)
1 + α
(
T
T0
) 1+α
2α
]
. (B.3)
♯ Remember that the exponent 1+α
2α
is negative.
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The series converges for b ≡ (1− 3α)/(1+α) being a non-negative (including zero)
integer. For the α range of interest, b is always positive so the series is always
convergent as expected from the performed analysis. Note that the hypergeometric
function can be simplified as was done in Appendix A. The Kummer function has
the property that
1F1(a; b; z) = e
z
1F1(b− a; b;−z), (B.4)
which in this case simplifies to
1F1(a; b; z) = e
z
1F1(1; b;−z) = ez
∞∑
m=0
(−z)m
(b)m
. (B.5)
Therefore, the solution (B.3) for g(T ) can also be given as
g(T ) = c1
√
T + Ωw,0T0 e
z
∞∑
m=0
(−z)m
(b)m
, (B.6)
where in our case b ≡ 1− 3α
1 + α
and z ≡ −3H0t0(1 + w)
1 + α
(
T
T0
) 1+α
2α
.
• T/T0 ≫ 1: For this limit, the argument of the hypergeometric function in Eq. (75)
may be small as powered to a negative exponent. Therefore, the hypergeometric
function can be expressed as a power series. However, since the argument is small,
we could assume that only the first two terms in the series would contribute to the
expansion. Thus, the solution of Eq. (73) approximates to
g(T ) ≈ c1 + 3Ωw,0T0
8T 2
∞∑
n=0
1
n!
[
3H0t0(1 + w)
1 + α
]n [
1 +
4αn
1− 3α
(
T
T0
) 1+α
2α
]
, (B.7)
By the use of the series expansions of exponentials, the solution above simplifies to
a much simpler form
g(T ) ≈ c1 + 3Ωw,0T0
8T 2
exp
[
3H0t0(1 + w)
1 + α
][
1 +
3H0t0(1 + w)
1 + α
4α
1− 3α
(
T
T0
) 1+α
2α
]
.
(B.8)
Note that for a sufficiently small ratio
(
T
T0
) 1+α
2α
, the last term in the square-bracket
factor can be approximated to a constant.
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